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Abstract In this paper an analysis of the Extremum
Seeking Control (ESC) 2D-scheme for the dual-inputs
single-output (DISO) systems is presented. The ESC
2D-schemes have two loops where the output signal i
processed based on the different ESC algorithms
proposed in the literature. The basic high-order ESC
(bhoESC) 2D-scheme and an improved ESC variant
will be analyzed here based on the two orthogonal
dither signals. The proposed ESC scheme is based on
a band-pass filter (BPF) instead of the series
combination of high-pass (HP) and low-pass (LP)
filters used in the bhoESC scheme. The processing of
the output signal shows that the search speed in tho
bpfESC loops depends on the BPF cut-off frequencies.
So, besides the gradient signals, the injected sija on
the both bhoESC inputs contain the Low Frequencies
(LF) components from the BPF band. Thus the dither
persistence in the bpfESC loops is improved in
comparison with the bhoESC scheme. The relations
between the search speeds and the partial derivats
of an unknown DISO map are shown.

Keywords: nonlinear DISO system, extremum seeking
control, search speed, signal processing, MPP
tracking

1. INTRODUCTION

In general, a nonlinear dynamic DISO system has
an unknown map, y=f¢x x,), having one or more
extremes (maximums or minimums). Searching and
tracking the global optimum of a nonlinear dynamic
DISO map is a challenging task that could involve a
large number of functional evaluations [1, 2].

The ESC algorithms differ in their gradient
estimation methods. The dither gradient estimation
approach will be discussed in this paper [1]. la th
classical methods, including the bhoESC scheme, a
temporal variation, i.e., a dither signal with ctam
(pre-fixed amplitude) is added to input. The
gradient is obtained as a correlation between the
inputs and the output. As an alternative, an
improved bpfESC scheme is proposed and applied
to harvest the energy from the Photovoltaic (PV)
panels [3] and Fuel Cells (FC) stacks [4]. In this
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paper, the bpfESC 2D-scheme, which can be used
for example to improve the energy harvested from a
FC stack based on control of both fuelling rates,
will be analyzed. The air control is shown in [5]
based on bhoESC scheme applied to the
motocompressor group. Also, the hydrogen control
is shown in [4] based on bpfESC 1D-scheme.

In this paper the search speeds related to the both
inputs will be estimated during the search phase fo
a bpfESC 2D-scheme, and these will be compared
with those obtained with the bhoESC 2D-scheme.
So, this paper will concern itself with the ESC
schemes discussed in [1, 4], being focused only on
the analysis of the ESC 2D-schemes in order to
evaluate the search speeds. In addition, the used
bpfESC 1D-scheme is topologically improved to
increase both search speed and tracking accuracy,
which are the main indicators used to evaluate the
performance of the ESC algorithms [6]. Other
different approaches are shown in the literatuge [7
8], but these are more complicated than the bpfESC
2D-scheme proposed here. If the integrator, that is
key adaptation element in all ESC schemes, is
already present in the transfer function of the
system, then this can be used to simplify the
topology of the ESC loop for the 2D schemes [9].

Note that the classical ESC approach for DISO
and MIMO systems is defined for example in [10]
and [11], respectively. The stability results obéal
in this paper can be proved based on the techniques
introduced in [12, 13].

The paper is organized as follows. Section 2
presents in brief the ESC 1D-schemes used in
simulation. This aspect is briefly shown in this
section. Section 3 deals with the ESC 2D-schemes
based on the orthogonal dither signals. An
analytical analysis of the ESC 2D-scheme in the
frequency domain is presented based on Taylor
series approximation. The main analytical results
obtained by estimating the search speeds are shown
for both ESC 2D-schemes. The performance of the
bpfESC scheme related to the search speeds is



clearly highlighted. The last section concludes the
paper.

2. THE EXTREMUM SEEKING CONTROL 1D-
SCHEMES BASED ON SINUSOIDAL DITHER
SIGNALS

A brief analysis of the ESC 1D-scheme (Figure 1)
based on the sinusoidal dither signals [14] is
performed in this section. If the transfer functiain
the BP filter from the bpfESC scheme is equivalent
with the series combination of the High-Pass (HP)

and the Low-Pass (LP) filters from the ho ESC
scheme, then the hoESC and bpfESC schemes are
functionally equivalent, too. It can be observedtth
both ESC 1D-schemes have the same operating
relationships, excepting the signal filtering and
demodulation [1, 3]. Thus, consideringsggs) =
GgrH(S) = Gip(S)GLpr(S)= [Yarr(S)/ YH(S)] LTIY K(s)/
Yn(S)= [s/(s +op)]w/(s + o)), the equivalent
operation of the bpfESC and hoESC 1D schemes
was demonstrated in [15].
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Fig. 1a. The BPF extremum seeking control (bpfEBQscheme
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Fig. 1b. The higher order extremum seeking (hoEHTcheme

2.1. The bpfESC 1D-scheme

Using only the measurements of the plant output,
y (for example, the power signal from the PV panel
or FC stack), the ESC schemes perform a tuning of
the plant input, ¥ such that y=f (¥ is either
minimized or maximized. The initial value,yx
must be set in the region of the MPP attraction to
assure Y yvpp.

The relationships of the bpfESC scheme are
shown below [1, 3]

y=1(x) W=k (1)
JF‘ =-@ye +@yy, Yorr = Yn " Ve, @)
Yorr =~ Yeer + @Yy, You = Yeer [SIN(@1)

Yoen = KeYou (3)
% = Yioop T Sug * sdm, Sy = szleHllzkin(wdt)’ @)

Sim = An [Bin(@yt)

where equations (1), (3), and (4) represent the
input-to-output map, integrator, MPP current
controller based on thg,xeference, and equations
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(2) represent the signal processing based on BPF
and demodulation.

The following notations are used (see Figure 1a):

- ky is the loop gain;

- 0q is the frequency of the dither signal;

- o=Biwy, 3PB<6, is the cut-off frequency of the
LPF;

- op=Phwy, 0<PBr<1, is the cut-off frequency of the
HPF;

- yn is the signal after normalization (with thg k
gain);

- Y is an intermediate variable related to HPF
operating;

- Yepr IS the output signal from the BPF;

- H; is the magnitude of the fundamental harmonic
of the ypr signal;

- Gy is the gain of the Hharmonic;

- Sigis the gained dither;

- koH1Gy is the gain of thegg dither;

- §m IS the minimum dither;

- An is the amplitude of the,gdither;

- Ypw is the signal after demodulation;

- Yioop IS the output signal from the bpfESC loop;



- X, and % are the estimation signals of the
unknown parameters;
2.2. The hoESC 1D-scheme

Relationships of the hoESC 1D-scheme (Figure 1b)
related to the signal processing based on the BP an
HP filters and demodulation are [1]:

§ =-WS: t WSy,

Sier = Sy _S:,S_PF =~ Spr + WS SIN(@t)

where §, Sipr and spr are the signals after
normalization, HPF, and LPF, besides the notations
used for the bpfESC 1D-scheme. Also:

- (D|(h0)=B|(ho)(,Qj, O<B|(h0)<6v is the cut-off frequency

of the LPRygy,

- OnhofBhhoy, 0PBrne<l, is the cut-off frequency
of the HP ).

The injected signal will be:

X = Seop K, [BiN(cyt) (6)

where sloop is the output signal from the hoESC
loop that is obtained after integrator block.

If the cut-off frequencies of the filters used are
almost the same for both ESC 1D schemes
(B|(h0)|:B|(bpf) and Bh(ho)[Bh(bpf))y then the same search
speed will be obtained [15]. On the other hand, if
the cut-off frequency of the LRE, is lower than
the dither frequency (Bfn<1), then this basic
hoESC variant (bhoESC) will have a lower search

(5)

speed in comparison to the bpfESC 1D scheme
[15].

The bhoESC and bpfESC 1D scheme will be
combined to obtain the corresponding bhoESC and
bpfESC 2D-schemes, based on the orthogonal
dither signals.

3. THE ESC 2D-SCHEMES BASED ON
ORTHOGONAL DITHER SIGNALS

In this section, the ESC 2D-schemes for systems
with dual inputs and one output (DISO systems)
will be presented. The principle of the ESC for the
multi-inputs one-output (MISO) systems [11],
including the particular case of the DISO systems
[9, 10], is very similar to the SISO case. The
orthogonal dither signals are superimposed on both
inputs, % and % (see Figure 2). The local gradients
oflox, and of/ox, are estimated in both ESC loops
(see Figure 3) based on demodulation of the filtere
output, ypr. The pr signal is obtained through BP
filtering of the normalized probing signaly.yThe
probing signal is obtained as a response of the LF
signals, x.r and %, applied to the nonlinear
map, y=f(x, %). For the estimation of the each
gradient, the classical combination of HP and LP
filters as described in Section 2.2 (see Figurer®

BP filter as described in Section 2.1 (see Figyre 1
can be used.

Fig. 2. Searching of the MPP based on dither sig& 2D scheme
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Fig. 4. The diagram for testing the ESC 2D schensasy different process in the closed loop

As it was explained in the previous sections,

besides the LF components from the demodulation
signal, %y, each gradient drives an integrator,

obtaining the time-variable signals that move the
inputs x and % towards their optimal values i@,

and %, in case of Figure 2).

3.1. Signal processing in the bpfESC 2D-scheme

loops

The probing signal related to the nonlinear map,
y=f(x1, X»), can be approximated by the Taylor

series:

i (%= Xio)il (x,= Xzo)i2

@ | = i li,!
Yx) =3 @)
’ B—=———(Xi0s X20)
OX0X3

where (%o, Xo0) IS a point that slowly varies in time
as it is shown in Figure 2, and=§(X1o, Xoq) iS an
output value based on the 2D static map. If the sta
point is considered the point (0, 0), then the ramp

for t<typp is given by relationship:
X

Xo (t) = ZpMpe.

tuep

1=G,d, p=12 ®)
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Note that #iep is the time of simulation andyGp=1,

2, are the slopes of ramps used to test the namline

plant in the open loop. The gradientsgsKand

Kssa can be estimated in closed loop based on:

_df
dt

of

Kss(p) T 20) p=12 (9)
p

(X0 X at

Fig. 5. The 3D view of the search phase for the EBC

scheme applied to the process
y=-2-(1-%)*(1-%2)* f=10 Hz



The main LF components in both loops of the
bpfESC 2D-scheme are obtained as an effect of the
distortion and phase shift of the dither signals
applied to the nonlinear process. The dither used
are orthogonal signals, gssin(gt) and
si2=cos(oqt), and numbers of harmonics will be set
by the cut-off frequencies of the BPF. So, the LF
signal in the ESC loop will be given by the
relationship:

wo
X (1) = Zlaj sin(jayt+¢;)
=

where the integerff] was set to 3 in order to
simplify the presentation.

The magnitudes of the LF componentsaad b,
are lower than thegwalue, so:

(10)

dx, _dx
X, = Xoo + X Dxp0:>d—tpD :°,p=1,2 (11)
Consequently:
[XLF (t)]lﬁIZ u
Yo ) Ok 3 3 1 gt (12)
i,=0i,=0 - — 0|Xzo)
iy oxroxz

3.2. Estimation of the search speed in the
bpfESC 2D-scheme loops
Estimation of the search speed in closed loop ®f th
bpfESC 2D-scheme will be performed considering
the following assumptions:

- only three components of the Taylor series
will be considered;

- the BPF is ideal,
3<Bppn<4;

- kn=1 (in simulation k=1/ymay-
Under these conditions the relationship of thgry
signal will be:

having[3h(bpf)<1 and

Yeer (1) U D, e (1) +% D, D(fF ® +é D, D(SF ®=
(13)
=31,

=il

1.6
140
12}

s
0.8f

0.6r

x1 [-]

o.4f

02

ok

02r

0.4
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a) projection in (x Xp) plane

where'
(X1o Xa0) + (Xw 20
6f2 af 2
D2 a N2 (XIO XZO) 2 )(16 (XIO 20)+
72 (XJ.O’ ><20) (14)
6f3 af 8
(X10 20) No2a. (XIO’X20)+
XZ
6)(16 2 (X:LO 20) 2 (X10’X20)
The signals after the demodulation are:
Yom1 (1) = Yeer (1) (Sin(aw,t) (15)

Youm2 (t) = Ve (t) [EOSE L)
Using trigonometric manipulation, more or less
complex, these signals can be written as:

Yoma (D) O ksgl * Yomaer )(t)

16
Yom2 (1) O ksgz * Yom 2¢r )(t) (16)
where:
(o= 30008, 20 102+ 23+ )|
1
(7)

Ky = % Dlalsin¢1EE1+ é%(ai + 22+ 232)}
1

In both cases, the derivatives can be computed
during the simulation based on the relationship (9)
Thus, the signal injected in the loop will be:

% (1) OkKkgyy @+ K,H Gy gsin(wyt) + X6 )

X, (1) OkKg, B+ KoH Gy 1 COS@ )+ X6 £)
where H is the magnitude of the fundamental
harmonic of the pp¢ signal and @; is its gain.

The LF components after demodulation are

(18)

integrated and then injected in the closed loop of
assuring

the bpfESC 2D-scheme, the dither

persistence.

x; [-]
b) projection in () plane

Fig. 6. The 2D projections of the search 3D linetfe ESC 2D scheme applied to the process
y=-2-(1-%)*(1-%2)* f=10 Hz
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If the loop gain, k is set proportional to the dither
frequency, then the dither persistence is improved
[3]. So, if

K = Vg W (19)
then the search speed in the closed loop can be
estimated based on

Kestpy = Keg(p) Jea Ly P=1, 2 (20)
Note that Ks(p indicators are time variables based
on relationships (14) and (17).

3.3. Estimation of the search speed in the
bhoESC loop

Estimation of the search speed in the closed Idop o
the bhoESC 2D-scheme can be performed in the
same manner if the same assumptions, as above, are
considered, excepting thag,ne=0.5.

The LF components in the bhoESC loop are LP
filtered, thus only the first harmonic will be
considered:

X (t) = a sin(ayt+4¢,) (21)
The signal after the HPF is:
Supr (1) ODya, sineyt +¢,) (22)

Thus, the signal after demodulation can be written
as:

Som(t) = Sy (1) [Sin(ayt) O
0(Dya, cosp, ) sirt @t )=
- D131;03¢1 _ Da, COS¢1 |:¢OS(24)dt )

Under the assumption mentioned above, the signal
after the LPF will be:

(23)

1
Sera(t) DE D,a, cosg, (24)
Thus, the signal injected in the loop will be:
Xl(bho) (t) 0 KSSl(bho) i+ kz Sin(wdt) (25)
where the search speed is given by:
1 1
Kssipnoy = > D,ak, cosg, = B Dayyw co®, (26)
In the same manner:

1 . 1 .
Kooy = 5 D,ak;sing, = P Dayqw sing, (27)

4. CONCLUSION

Besides the well known results for the hoESC 1D-
scheme that are also available for the bhoESC 2D-
scheme (such as the result about the convergence
time, which is proportional with the product of the
frequency and magnitude of the dither), some new
results related to the bpfESC 2D-scheme are shown
in this paper. The promising outcomes from this
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work are listed in the main results: (1) the search
speed values was estimated based on the partial
derivatives of the unknown DISO map; (2) the
differences between the search speed values appear
for the bpfESC 2D-scheme based on the use of the
BP filter that has an extended frequency band; (3)
the dither persistence is dependent to the cut-off
frequencies of the BP filter; (4) other performance
benefits could arise from the proposed topology for
the bpfESC 2D-scheme, which will be exploited in
further work.

Note that these advantages must be interpreted in
the context of the modeling approach used. The
analytical analysis was kept at a simple level in
order to gain an initial understanding of the slgna
processing in the loops of the bpfESC 2D-scheme.
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